We study the cosmological evolution of a scalar field in Horndeski gravity, assuming that the scalar field is subdominant with respect to the cosmic fluid. We first analyse the most general shift-symmetric action that respects local Lorentz symmetry. We show that the bound on the speed of gravitational waves set by GW170817+GRB170817A imposes a constraint only on the linear coupling between the scalar and the Gauss-Bonnet invariant and this constraint is rather mild. Then, we consider some interesting examples of theories that break shift-symmetry, such as the Damour-Esposito-Farèse model of spontaneous scalarization and a theory with a quadratic coupling to the Gauss-Bonnet invariant that can lead to black hole scalarization. In both cases, tuning of cosmological initial conditions is necessary to keep the scalar field dormant during cosmic evolution.
I. INTRODUCTION
A possible solution to the cosmological constant problem is a modification of general relativity (GR) through the introduction of a new scalar field. Horndeski gravity [1] , independently rediscovered as Generalised Galileon [2] , has received a lot of attention in this context. It is the most general theory that leads to second order equations upon direct variation. As such, it avoids the Ostrogradski instability that plagues higher-order theories and provides a unified framework for a very large class of scalar-tensor gravity theories.
Cosmology within the Horndeski framework does indeed offer a description of dynamical dark energy models. A late-time accelerated expansion driven by the scalar field is an attractor for many subclasses of the theory [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, many of these models predict that the speed of gravitational waves is different from the speed of light [14, 15] . The combined detection of gravitational waves and gamma ray burst originated in the same binary neutron star merger event [16] , known as GW170817 and GRB 170817A respectively, posed an extremely tight constraint on the speed of gravitational waves 
This bound rules out a very large class of dark energy models within Horndeski gravity [17] [18] [19] . A detailed study of the surviving dark energy models goes beyond the scope of this work and can be found elsewhere [20, 21] . It should be stressed that the above result is based on the key assumption that the scalar field is the dominant component in the cosmic energy density and drives the accelerated expansion of the universe. Under this assumption, one can argue that Horndeski theories that satisfy the gravitational wave speed constraints will not be relevant in other regimes, e.g., for compact objects [22] . However, if one relaxes the requirement that the scalar is responsible for dark energy, the bound given above does not lead to significant constraints on Horndeski models. The main aim to this paper is to provide a clear demonstration of this last point, which also justifies why certain scalar-tensor theories continue to provide an effective description of new gravitational physics in the strong gravity regime.
Indeed, there is a rich strong gravity phenomenology associated with theories within the Horndeski class. Solutions with nontrival scalar configuration exist for neutron stars [23] [24] [25] [26] [27] and black holes [27] [28] [29] [30] [31] [32] [33] [34] [35] . Regarding the latter, it is worth noting that no-hair theorems are currently known only for theories that do not exhibit derivative (self-)interactions, e.g. [36] [37] [38] , or respect shift symmetry [39] and do not include a coupling with the Gauss-Bonnet invariant [32, 33] . Moreover, hairy solutions that circumvent the assumptions of no-hair theorems are known even for theories that are covered by them in principle [32, 33, [40] [41] [42] [43] [44] [45] .
With the motivation laid above, in this work we study the cosmology of a Horndeski scalar field, assuming it is subdominant with respect to the dominant cosmological components (cosmological constant, non-relativistic matter, relativistic matter). The paper is organised as follows: section II is devoted to a brief overview of Horndeski gravity and the cosmology derived from it. In section III we show the agreement of the shift-symmetric subclass of Horndeski gravity with the standard model of cosmology and we identify a special case: when the scalar field couples to the Gauss-Bonnet scalar. When the shiftsymmetry assumption is relaxed, a general study of the cosmology is quite challenging. Thus, in section IV we restrict our attention to some particular models which are also relevant in the strong gravity regime. We conclude with a discussion of the result of this work in section V. Throughout the paper we will assume 4πG = c = 1.
II. HORNDESKI GRAVITY AND COSMOLOGY
One of the leading principles that led Einstein to the equations of GR was the requirement that they are second-order in derivatives. This requirement is necessary to avoid the so-called Ostrogradsky instability.
The theorem proven by Ostrogradsky states that nondegerate higher-order theories have Hamiltonians that are not bounded from below. Horndeski gravity [1, 2] is the most general theory which leads to second-order equations of motion for the metric and the scalar field upon direct variation. The action can be expressed in different equivalent representations. Here we report the form of [46] 
where S m is the action for the matter fields Ψ A and
where X = − 1 2 ∇ a φ∇ a φ, and G iX = ∂G i /∂X. For the description of a homogeneous, isotropic and flat Universe we assume Friedmann-Lemaitre-RobertsonWalker (FLRW) metric
where a(t) is the scale factor. The spacetime symmetries require φ = φ(t). We assume that the matter action S m describes a perfect fluid whose energy density is ε and pressure P , linked by the equation of state P = λε, with λ depending on the fluid considered. A variation of (2) with respect to a(t) yields
where
is the field energy density. A variation of (2) with respect to φ(t) gives the equation of motion of the scalar field
and
For completeness we report how the speed of a gravitation wave is modified in Horndeski cosmology. Indeed, we will apply the constraint (1) to all the models we will take into account. The velocity of gravitational waves is modified as [47] 
III. SHIFT-SYMMETRIC THEORIES
As a first case, we study the shift symmetric part of Horndeski action, namely when G i (X, φ) = G i (X). This ensures invariance under shifts of the scalar field φ → φ + C [33] . Eq. (10) then becomes
which means J ∝ a −3 (t).
A. A simple example
The first model we consider is the simplest one that has a non-trivial α T . It it obtained choosing G 2 = X, G 4 = 1/2 + αX, and G 3 = G 5 = 0. With this choice we have
which, at the leading order, implies thatφ ≈ C/a 3 (t). We stress that this result does not depend on the dominating fluid of the cosmological evolution. Indeed, for a cosmological constant evolution, the Hubble parameter H is constant, and for matter-dominated Universe one can assume H ≪ 1.
For consistency, we check the Friedmann equation, which with this ansatz reads
Since theφ terms go at least as a −6 , the scalar field contribution is negligible with respect to every standard Universe content (cosmological constant, dust, relativistic matter). Hence, one gets the standard equation 3H 2 ≈ ε. The modified speed of GWs factor is
which becomes negligible in time.
See also Ref. [54] for another example of cosmology with a subdominant scalar in a subclass of the shiftsymmetric Horndeski action.
B. Shift-symmetric theories admitting GR solutions
We now want to generalise the results of the previous section. To compute the evolution of the scalar field, we need the current
GR is recovered if J = 0 when X = 0. We will assume that the a constant scalar solution, for which X = 0, is admissible. Following Ref. [48] , we can define the following functions
The requirement of regularity of J around X = 0 translates into the requirement of regular expansion of the functions F i (X). Expanding F i (X) around X = 0 implies
The dominant term of the current J is proportional tȯ φ, which meansφ = C/a 3 (t). The latter impliesφ = −3Hφ. The scalar field energy density (22) is negligible in the Friedmann equation under our assumptions.
With this behaviour of the scalar field, one gets that the dominant term of α T decreases as a −6 , as one can read from the equality
where again α i and β i are constants. Note that, as it has been shown in Ref. [48] , theories that do not admit regular expansion of the functions F i (X) are either Lorentz-violating, or they can be obtained by adding a linear coupling between φ and the
to the theories that admit a regular expansion in X. We will not consider Lorentz-violating theories here and we will discuss the effect of the φG coupling in the next section.
C. Linear coupling to Gauss-Bonnet
A linear coupling between φ and the Gauss-Bonnet invariant is known to be the only term respects shift symmetry and leads to black hole hair [32] . It also features prominently in the classification of theories presented in Ref. [48] , as the only terms that prevents Horndeski theories from admitting all GR solutions without threatening Lorentz symmetry. The simplest action that contains this term is
We emphasize that, since G is a total derivative, this action is shift-symmetric up to a boundary term. In the notation of eq. (3), the action (24) is equivalent to G 2 = X, G 4 = 1/2, G 5 = −4α log X and G 3 = 0, which is indeed explicitly shift-symmetric. The corresponding current in our cosmological setup is
which has solutionφ
For a matter-dominated Universeφ has the usual 1/a 3 behaviour at the leading order. However, for a Λ-dominated Universe there is a substantial difference: the first term can lead to linear growth with time.
Let us analyse this case in mode detail. Substituting the relation (26) into Friedmann equation, one gets at leading order
If we assume that α ≪ 1 H 2 (this will be justified later), then eq. (27) reduces to the standard Friedmann equation.
In what regards the speed of gravitational waves, differently from the previous cases where the measurement (1) poses restrictions only on the initial value of the scalar field, in this case one can obtain a constraint on a free parameter of the theory. Indeed, using eq. (26), we obtain
From (1) one can infer that
which, restorting the units of measure, for the current value of the Hubble constant is equivalent to √ α ≪ 10 19 km.
This constraint on the linear coupling between the scalar field and the Gauss-Bonnet invariant is much weaker than other known constraints [49] [50] [51] [52] [53] . Indeed, √ α is the lengthscale associated to the Gauss-Bonnet coupling, whereas 1/H is a rough estimate of the size of the Universe. In other words, it appears to be easy to suppress the effect of the linear growth and still have a theory that deviate from GR in the strong curvature regime.
IV. ABANDONING SHIFT-SYMMETRY
For shift-symmetric theories, the classification of Ref. [48] , together with the fact that φ can be set to zero for constant φ solutions without loss of generality, helped us to organize our analysis and obtain general conclusions for all theories that respect local Lorentz symmetry. Trying to obtain general conclusions for theories that do not respect shift symmetry is more challenging. Instead, we will focus here on some specific examples of particular interest for the strong field regime.
A. Mass term
The simplest term that breaks shift symmetry is a mass term, which we include here for completeness. We have
The equation of motion for the scalar field is
whose general solution is
The dominant term in the scalar field energy density goes as
which is also decreasing with time, since 3H − 2ω 0 is always greater than 0 for real m. GR is an attractor.
B. Damour-Esposito-Farèse gravity
Damour-Esposito-Farèse (DEF) gravity [23, 55] is a particular class of scalar-tensor gravity, with G 2 = X ω(φ) φ , G 4 = φ/2 and G 3 = G 5 = 0. This choice of the Horndeski functions sets the theory in the so-called Jordan frame. One can perform a conformal transformation of the metric, together with a field redefinition
to bring the action in the Einstein frame, where
, with Ψ A the generic matter fields. This transformation requires also the further identification 2ω(φ) = 1/α 2 (ϕ) − 3, where α(ϕ) = A ′ (ϕ)/A(ϕ). In this reference frame the Friedmann equation is
where H * =ȧ * /a * is the Hubble parameter in the Einstein frame, while the scalar field equation reads
With a time coordinate redefinition dτ ≡ H * dt * , Eq. (37)
where a prime is a derivative with respect to τ . This equation describes the oscillations of a field with velocity dependent mass 2/(3 − ϕ ′2 ), a friction term (1 − λ)ϕ ′ and an external force which depends on the form of α(ϕ).
The evolution of this equation for α(ϕ) = βϕ has been studied in [55, 56] . When β > 0, the solution of Eq. (38) in a matter-dominated Universe for ϕ is a decaying exponential. On the other hand, the β < 0 case provides a run-away solution which is in contrast with Solar-System constraints. In [57] the authors provide a similar analysis generalising the function α as a polynomial in ϕ. They show that a large class of these theories have solutions which agree with Solar System constraints.
The cosmological evolution of the scalar field in DEF theory is particularly relevant for neutron star physics. Indeed, it is well known that this theory lead to spontaneous scalarization of neutron stars: a phase transition which occurs to the scalar field when the compactness of the star exceeds a certain threshold. For example, in the α = βϕ 2 case, spontaneous scalarization takes place for ultra-dense stars when β −4.5.
This model of spontaneous scalarization shows a contrast with cosmological evolution: for the choice of parameters that does not allow spontaneous scalarization, one gets a cosmological growth of the scalar field consistent with Solar System constraints. On the other hand, one can force the scalar to respect the constraints only with a fine tuning of the initial data. The same happens for more general forms of α [57] . A possible way out is to consider a massive scalar [58] .
C. Scalar-Gauss-Bonnet
A theory which received a lot of interest recently is the scalar-Gauss-Bonnet (sGB) class. This is a generalisation of the shift-symmetric theory studied in section III C. The linear coupling is here substituted with a function f (φ) [27, 30, 34, 59 ]:
This is theory is a subclass of Horndeski gravity, and one can recast it into the action (2) through the following transformation [46] :
where f nφ = ∂ n f /∂φ n . The equation of motion of the scalar field reads
If we stick to the requirement that the theory has GR as solution, this happens if a constant value for the scalar φ 0 exists, such as
From the perspective of compact objects it was shown that, if
then black holes (or neutron stars) can spontaneously grow scalar hair [27, 34] . This mechanism is analogous to the spontaneous scalarization of neutron stars presented before. Motivated by these results, in this section we focus on the cosmological viability of this class of theories. For illustrative purposes, we chose the simplest coupling function, a quadratic coupling f (φ) = βφ 2 /8 [27] , It terms of Horndeski functions this become G 2 = X, G 3 = 0, G 4 = 1/2+β(2−log X) and G 5 = −βφ log X. One would need to supplement our choice of f with higher order φ corrections for scalarized black hole solutions to be stable [60] [61] [62] , but f (φ) = βφ 2 /8 is the simplest choice that captures the onset of the instability that leads to scalarization [27] . The condition (46) translates into β > 0.
The equation of motion for the scalar field on a Λ-dominated cosmological background is
whose solution is
where C 1,2 are integrating constants and
In the case where |βH 2 | ≪ 1 we can approximate as
This approximation is consistent with the assumption that any modification to gravity given by the scalar field happens at lengthscales much smaller than those of cosmology (see the discussion at the end of Sec. III C). At leading order, the Friedmann equation is modified by the factor
Here we have two cases: if β < 0, then the exponent is negative, and thus the late-time expansion is not affected by the presence of the scalar field; if β > 0, then the scalar field energy density is increasing exponentially with time. However, we notice that in the limit |βH 2 | ≪ 1, the contribution of ε φ to the Friedmann equation is negligible unless |C 2 | ≫ 1/|βH 2 |. The comparison with the DEF case is immediate. The choice of β > 0, which from Eq. (46) is necessary to have spontaneous scalarization in quadratic sGB gravity, leads to a cosmology that requires tuning of initial data to be in agreement with experimental constraints. For example, the modification factor to the speed of GWs is
Assuming |βH 2 | ≪ 1, and imposing (1) one gets
Hence, one can satisfy the gravitational wave speed bound by choosing C 2 to be sufficiently small. A key difference from the DEF case is that the tuning required is milder here. One way to see this is through eq. (51), where βH 2 appears both as a multiplicative factor and in the exponent.
Tuning of initial data might be undesirable in general, but it is in principle possible when it comes to late time evolution. In the inflationary period instead, at least in the simplest scenario, a quasi-de Sitter phase with a large effective cosmological constant would enhance very significantly the level of tuning needed to avoid the tachyonic instability. It has recently been argued in [63] that quantum fluctuation would suffice to source the instability. Without a concrete model of inflation it is hard to make more robust statements. The required tuning even at the purely classical level is enough to suggest that both the DEF and the Gauss-Bonnet scalarization models need to be embedded within the framework of a large theory if they are to be valid effective field theories all the way from the early universe to compact objects.
V. DISCUSSION
In this work we have analysed the cosmology of a scalar field in Horndeski gravity, with the assumption that it is subdominant with respect to the standard ΛCDM evolution of the Universe. As first, we focused on shift-symmetric theories. We checked that this assumption is not in contrast with any of the theories which admit vacuum GR solutions. Indeed, every theory in this subclass is consistent with a cosmological constantdominated Universe, with a non-zero, yet very small, energy density of the scalar degree of freedom.
Then, we moved to linear Gauss-Bonnet gravity. The linear coupling between the scalar and the Gauss-Bonnet invariant is the only shift-symmetric term that is consistent with local Lorentz symmetry and yet prevent the a shift-symmetric theory from admitting all of the solutions of GR [48] . it is also the only term that leads to black hole hair [32] , under the assumption of flat asymptotics. Interestingly, it also forces the scalar field to grow "cosmological hair" in presence of a cosmological constant, which in principle backreact in the Friedmann equation, modifying the cosmological evolution. However, this effect can be suppressed by a suitable choice of the coupling constant and the constraint one obtains from gravitational waves propagation is rather weak.
For the non-shift-symmetric theories, we did not perform a systematic analysis of every possible theory, but focussed on a few interesting example. For example, we rederived the know result that the DEF model of spontaneous scalarization requires a tuning of the initial data in the cosmological evolution, else scalarization will eventually affect any astrophysical body due to nontrival asymptotics for the scalar. We performed a similar analysis for the other known case of spontaneous scalarization within the Horndeski framework, i.e. when the scalar field couples to the Gauss-Bonnet invariant. We found that the choice of the parameters which gives scalarization is in principle producing a non-trivial contribution of the scalar field in the energy density of the Universe and tuning is required, as in the case of the DEF model. However, the degree of tuning is lower due to the form of the coupling and it is easier to suppress the effect of the scalar on cosmic evolution. Clearly, any tuning is undesirable and is unlikely to be possible when quantum fluctuation are taken into account [63] . This suggests that scalarization models need a suitable completion if they are to make sense as quantum, or evern semiclassical theories.
